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ABSTRACT

The non
ommutative A-ideal of a knot is a generalization of the A-polynomial,

de�ned using Kau�man bra
ket skein modules. In this paper we show that any knot

that has the same non
ommutative A-ideal as the (2; 2p + 1)-torus knot has the same


olored Jones polynomials. This is a 
onsequen
e of the orthogonality relation, whi
h

yields a re
ursive relation for 
omputing all 
olored Jones polynomials of the knot.

1. Introdu
tion

The non
ommutative A-ideal was de�ned in [5℄ using Kau�man bra
ket skein

modules. Skein modules were introdu
ed by Turaev (for surfa
es) [12℄ and Przyty
ki

(for arbitrary 3-manifolds) [9℄ in an attempt to generalize the polynomial invariants

of knots and links in the 3-sphere to invariants of knots and links in arbitrary

manifolds. The simplest skein module is the Kau�man bra
ket skein module, de�ned

using the Kau�man bra
ket skein relation [8℄. The module depends on a parameter

t, the variable of the Kau�man bra
ket. A theorem of Bullo
k, Przyty
ki and

Sikora [1℄, [10℄ shows that when t = �1, the Kau�man bra
ket skein module of a

3-manifold has a ring stru
ture, whi
h ring is isomorphi
 with the aÆne 
hara
ter

ring of SL(2; C )-representations of the fundamental group of the manifold.

This result allows the study of SL(2; C )-invariants of knots from the point of

view of quantum invariants. An example for whi
h this is done is the A-polynomial.

The A-polynomial of a knot was introdu
ed by Cooper, Culler, Gillet, Long, and

Shalen in [3℄ using the 
hara
ter variety of SL(2; C )-representations of the funda-

mental group of the knot 
omplement. The 
onstru
tion was later generalized via

Kau�man bra
ket skein modules in [5℄, giving rise to a new knot invariant, the

non
ommutative A-ideal. The A-ideal is a �nitely generated ideal of polynomials in

two non
ommuting variables. It depends on a parameter t, and when t = �1, the

radi
al of the one dimensional part of the ideal is generated by the A-polynomial of

the knot.
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In [5℄ was dis
overed a property relating the non
ommutative A-ideal to the

Jones polynomial. Called the orthogonality relation, this property states that every

nonzero element in the A-ideal yields a matrix annihilating the ve
tor with entries

the 
olored Jones polynomials of the knot. As an appli
ation of the orthogonality

relation, it was shown in [7℄ that if the A-ideal 
ontains a polynomial of se
ond

degree in the variable 
orresponding to the longitude of the knot, whose 
oeÆ
ients

satisfy a 
ertain te
hni
al property, then the A-ideal of the knot determines all of

its 
olored Jones polynomials. In this paper we prove that this is the 
ase with the

(2; 2p+ 1)-torus knots, p an integer. The main result of the paper is

Theorem 1.1 Any knot having the same non
ommutative A-ideal as the (2; 2p+

1)-torus knot has the same 
olored Jones polynomials.

To avoid the hassle of keeping tra
k of both the sign of p and of the types of


rossings in diagrams, we do the proof for the 
ase where p is positive. The 
ase

where p is negative is obtained by repla
ing in all formulas p by jpj and t by t

�1

.

2. Preliminary Fa
ts

A framed link in an orientable manifold M is a disjoint union of annuli. If the

manifold is the 
ylinder over the torus, framed links will be identi�ed with 
urves,

using the 
onvention that the annulus is parallel to the framing. In �gures annuli

will be represented by 
urves, the framing will be 
onsidered parallel to the plane of

the drawing (the so 
alled bla
kboard framing). Consider the free C [t℄-module C [t℄L

with basis L the set of all isotopy 
lasses of links in M , in
luding the empty link.

The quotient of this module by the smallest submodule 
ontaining all expressions of

the form � t � t

�1

and
+t

2

+t

�2

, where the links in ea
h expression

are identi
al ex
ept in a ball in whi
h they look like depi
ted, is 
alled the Kau�man

bra
ket skein module of M , and is denoted by K

t

(M). If t is a 
omplex number

instead of the variable of a polynomial, then with the same de�nition the Kau�man

bra
ket skein module be
omes a 
omplex ve
tor spa
e.

The Kau�man bra
ket skein module of a 
ylinder over a surfa
e has an algebra

stru
ture. The multipli
ation is indu
ed by the operation of gluing one 
ylinder

atop another. Similarly, the operation of gluing the 
ylinder over �M to M indu
es

aK

t

(�M�I)-left module stru
ture onK

t

(M). We denote by � the multipli
ation in

K

t

(�M� I). For a link 
 in a skein module we will denote by 


n

the link 
onsisting

of n parallel 
opies of 
, and extend the notation to polynomials.

Two families of polynomials are of interest to us. The �rst family 
onsists of

the 
lassi
al Chebyshev polynomials, T

0

= 2, T

1

= x, T

n+1

= xT

n

� T

n�1

. Related

to them are the polynomials S

n

subje
t to the same re
urren
e relation but with

S

0

= 1, S

1

= x. Extend both polynomials re
ursively to all indi
es n 2 Z. Note

that T

�n

= T

n

, while S

�n

= �S

n�2

. For a knot K, S

n

(K) is 
alled the 
oloring of

K by the nth Jones-Wenzl idempotent. If K is a knot in the 3-sphere, then S

n

(K)

as a polynomial in K

t

(S

3

) = C [t℄ is 
alled the nth 
olored Kau�man bra
ket of

the knot. Under the 
hange of variable t ! it this be
omes the nth 
olored Jones
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polynomial. Although this is a small alteration, and so S

n

(K) itself 
ould very

well be 
alled the 
olored Jones polynomial, we prefer the name 
olored Kau�man

bra
ket, to keep tra
k of the fa
t that it 
omes from the Kau�man bra
ket. As

su
h, we denote it by �

n

(K).

Let us des
ribe now K

t

(T

2

� I), the Kau�man bra
ket skein algebra of the


ylinder over a torus. Let p; q be two integers, with n their 
ommon divisor and

p

0

= p=n, q

0

= q=n. We denote by (p; q)

T

be the skein T

n

((p

0

; q

0

)) in K

t

(T

2

� I),

where (p

0

; q

0

) is the simple 
losed 
urve of slope p

0

=q

0

on the torus. As a module,

K

t

(T

2

�I) is free with basis (p; q)

T

, p � 0, q 2 Z. As shown in [4℄, the multipli
ation

is given by the produ
t-to-sum formula

(p; q)

T

� (r; s)

T

= t

j

pq

rs

j

(p+ r; q + s)

T

+ t

�j

pq

rs

j

(p� r; q � s)

T

:

This formula shows that there is an in
lusion of K

t

(M)M into the ring of trigono-

metri
 fun
tions on the non
ommutative torus. Re
all that this ring, denoted by

C

t

[l; l

�1

;m;m

�1

℄, 
onsists of Laurent polynomials in l and m, where the two vari-

ables satisfy lm = t

2

ml. The in
lusion map is de�ned by

(p; q)

T

! t

�pq

(l

p

m

q

+ l

�p

m

�q

):

A subring of C

t

[l; l

�1

;m;m

�1

℄ is the quantum plane C

t

[l;m℄, 
onsisting of the

polynomials in l and m, again with lm = t

2

ml.

IfM is the 
omplement of a regular neighborhood of a knotK, then the non
om-

mutative A-ideal of K, A

t

(K) is de�ned as follows. Denote by � the map between

skein modules indu
ed by the in
lusion �M � I �M and let I

t

(K) be the kernel of

�. I

t

(K) is a left ideal 
alled the peripheral ideal of K. The non
ommutative A-ideal

ofK is de�ned to be the left ideal obtained by extending I

t

(K) to C

t

[l; l

�1

;m;m

�1

℄,

then 
ontra
ting it to C

t

[l;m℄.

3. The Kau�man Bra
ket Skein Module of the Complement of a (2; 2p+1)-

Torus Knot

Denote by M

p

the 
omplement of a regular neighborhood of the (2; 2p+1)-torus

knot. Bullo
k proved in [2℄ that K

t

(M

p

) is a free module with basis

fx

k

y

n

; 0 � k; 0 � n � pg;

where x and y are depi
ted in Fig. 3.1. Here x

k

y

n

means k parallel 
opies of x

together with n parallel 
opies of y. It is important to remark that although the

skein module of the knot 
omplement does not have a multipli
ative operation, this

formula makes sense.

Computations are simpler if we work instead with the basis

fS

k

(x)S

n

(y); 0 � k; 0 � n � pg:

The following result about the Kau�man bra
ket skein module of the 
omple-

ment of the (2; 2p+ 1)-torus knot is important in itself. In addition it will be used

extensively in our 
omputations.
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y

x

Figure 3.1.

Theorem 3.1. For i = 0; 1; : : : ; p+ 1, one has

t

�2i�1

S

p+i

(y) + t

2i+1

S

p�i�1

(y) = (�1)

i

S

2i

(x)(tS

p�1

(y) + t

�1

S

p

(y)):

In order to prove the theorem we �rst study the skeins A(k; n) and

�

A(k; n) in the

knot 
omplement de�ned in Fig. 3.2. It will be seen below that A(k; n) =

�

A(k; n)

and that A(n; k) is a polynomial of degree k + n in y. Note that A(i; 0) =

�

A(2p+

1� i; 0), whi
h will produ
e the relation from the statement of the theorem.

A(k,n)= A(k,n)=

12k ... 1 2 ... k

Figure 3.2.

We now prove two re
ursive relations.

Lemma 3.2. For all n � 0 and all 1 � k � 2p one has

A(k + 1; n) = t

�2

A(k; n+ 1)� t

�4

A(k � 1; n) + t

2

x

2

y

n

� t

�2

x

2

y

n

+ x

2

y

n+1

�

A(k + 1; n) = t

�2

�

A(k; n+ 1)� t

�4

�

A(k � 1; n) + t

2

x

2

y

n

� t

�2

x

2

y

n

+ x

2

y

n+1

:

Proof. We dis
uss only the �rst re
ursive relation, the se
ond is similar and is left

to the reader. The 
omputation of A(k + 1; n) begins as des
ribed in Fig.3.3.

After introdu
ing a \kink" and resolving the 
rossing the se
ond skein be
omes

x

2

y

n+1

+ t

�2

A(k; n+ 1). The �rst skein is 
omputed as in Fig. 3.4.

Resolving the 
rossing we obtain t

2

x

2

y

n

plus the skein from Fig. 3.5. After

introdu
ing one twist and resolving it we obtain �t

�2

x

2

y

n

� t

�4

A(k�1; n) and the


on
lusion of the lemma follows.

Now we determine the initial 
onditions of the two re
urren
es.
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==

=−t= 3 t t4 2−

n n
n

n
n n+1

Figure 3.3.

n n n

−t =−t =t4 4

Figure 3.4.

Figure 3.5.

Lemma 3.3. For any n � 0 one has

A(1; n) =

�

A(1; n) = y

n+1

A(2; n) =

�

A(2; n) = �(t

2

+ t

�2

)y

n

+ t

�2

y

n+2

+ t

2

x

2

y

n

+ x

2

y

n+1

:

Proof. The 
ase of A(1; n) and

�

A(1; n) is easy and is left to the reader. The 
om-

putation of A(2; n) begins as in Fig. 3.6. The 
omputation of the remaining skein

is des
ribed in Fig 3.7, and the desired formula is obtained by resolving the two
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rossings. A similar 
omputation for

�

A(2; n) shows that A(2; n) =

�

A(2; n). In fa
t

one 
ould show dire
tly this equality by sliding strands.

−t =−t −t  x  y

n n

3 4 2 2 n

Figure 3.6.

−t =−t =−t

n n n

4 4
4

Figure 3.7.

Lemma 3.4. For all n � 0 and 1 � k � 2p we have

A(k; n) = �t

�2k+6

y

n

S

k�2

(y)� t

�2k+4

x

2

y

n

S

k�1

(d) + t

�2k+2

y

n

S

k

(d)

�t

2

x

2

y

n

+ 2t

2

x

2

k�1

X

r=�1

t

�2r

S

r

(y)y

n

:

Proof. The proof is by indu
tion on k. The formula is valid for k = 1 and 2 by

Lemma 3.3. Assume that it holds for k � 1 and k and let us prove it for k + 1.

Applying Lemma 3.2 and the indu
tion hypothesis we have

A(k + 1; n) = �t

�2k+4

y

n+1

S

k�2

(y)� t

�2k+2

x

2

y

n+1

S

k�1

(y)

+t

�2k

y

n+1

S

k

(y)� x

2

y

n+1

+ 2x

2

k�1

X

r=0

t

�2r

S

r

(y)y

n+1

�(�t

�2k+4

y

n

S

k�3

(y)� t

�2k+2

x

2

y

n

S

k�2

(y) + t

�2k

y

n

S

k�1

(y)

+2x

2

k�1

X

r=1

t

�2r

S

r�1

(y)y

n

� t

�2

x

2

y

n

) + t

2

x

2

y

n

� t

�2

x

2

y

n

+ x

2

y

n+1

= �t

�2k+4

y

n

S

k�1

(y)� t

�2k+2

x

2

y

n

S

k

(y) + t

�2k

y

n

S

k+1

(y) + 2x

2

y

n+1

+t

2

x

2

y

n

+

k�1

X

r=1

2t

�2r

x

2

y

n

S

r+1

(y)
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= �t

�2k+4

y

n

S

k�1

(y)� t

�2k+2

x

2

y

n

S

k

(y) + t

�2k

y

n

S

k+1

(y) + t

2

x

2

y

n

+2x

2

y

n+1

+ 2t

2

x

2

k

X

r=2

t

�2r

S

r

(y)y

n

= �t

�2k+4

y

n

S

k�1

(y)� t

�2k+2

x

2

y

n

S

k

(y) + t

�2k

y

n

S

k+1

(y)

�t

2

x

2

y

n

+ 2t

2

x

2

k

X

r=�1

t

�2r

S

r

(y)y

n

;

and we are done.

We now pro
eed with the proof of Theorem 3.1. From Lemma 3.2 and Lemma

3.3 it follows that A(k; n) =

�

A(k; n). Also, by rotating the �gure by 180

Æ

we see

that A(k; 0) =

�

A(2p+ 1� k; 0). In parti
ular, for 1 � i � p we have

A(p+ i; 0) =

�

A(p� i+ 1; 0) = A(p� i+ 1; 0):

We prove the theorem by indu
tion on i. Of 
ourse the indu
tion 
an start at

i = �1, sin
e plugging this value into the formula produ
es an obvious equality.

The 
ase i = 0 is also easy, so let k � 1 and assume that the formula holds for

i = �1; 0; : : : ; k � 1. From A(p + k; 0) = A(p � k + 1; 0) and Lemma 3.4 it follows

that

�t

�2p�2k+6

S

p+k�2

(y)� t

�2p�2k+4

x

2

S

p+k�1

(y) + t

�2p�2k+2

S

p+k

(y)� t

2

x

2

+2t

2

x

2

p+k�1

X

r=�1

t

�2r

S

r

(y) = �t

�2p+2k+4

S

p�k�1

(y) + t

�2p+2k+2

x

2

S

p�k

y

+t

�2p+2k

S

p�k+1

(y)� t

2

x

2

+ 2t

2

x

2

p�k�1

X

r=�1

t

�2r

S

r

(y):

This yields

t

�2p�2k+2

S

p+k

(y) + t

�2p+2k+4

S

p�k�1

y

= (t

�2p�2k

+ 6S

p+k�2

(y) + t

�2p+2k

S

p�k+1

(y)) + x

2

(t

�2p�2k+4

S

p+k�1

(y)

+t

�2p+2k+2

S

p�k

(y))� 2t

2

x

2

p+k�1

X

r=p�k

t

�2r

S

r

(y)

= t

�2p+3

[t

�2k+3

S

p+k�2

(y) + t

2k�3

S

p�k+1

(y) + x

2

(t

�2k+1

S

p+k�1

(y)

+t

2k�1

S

p�k

(y))℄� 2t

2

x

2

k�1

X

j=0

(t

�2p�2j

S

p+j

(y) + t

�2p+2j+2

S

p�j�1

(y))

= t

�2p+3

[(�1)

k�2

S

2k�4

(x)(t

�1

S

p

(y) + tS

p�1

(y)) + (�1)

k�1

x

2

S

2k�2

(x)�

�(t

�1

S

p

(y) + tS

p�1

(y))� 2x

2

k�1

X

j=0

(�1)

j

S

2j

(x)(t

�1

S

p

(y) + tS

p�1

(y))℄:
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Now we use the following identity, whi
h 
an be proved for example by indu
tion,

2x

2

m

X

r=0

(�1)

r

S

2r

(x) = (�1)

m+1

(S

2i�2

(x) � x

2

S

2i

(x)� S

2i+2

(x)):

Applying it we further transform the above expression into

t

�2p+3

(t

�1

S

p

(y) + tS

p�1

(y))[(�1)

k�2

S

2k�4

(x) + (�1)

k�1

x

2

S

2k�2

(x)

�(�1)

k

(S

2k�4

(x)� x

2

S

2k�2

(x)� S

2k

(x))℄

= (�1)

k

t

�2p+3

S

2k

(x)(t

�1

S

p

(y) + tS

p�1

(y));

and the indu
tion is 
omplete. All what remains to prove is the 
ase i = p+ 1. To

this end we extend formally the re
ursive relation and de�ne A(0; 0) and A(2p+1; 0).

From

A(2; 0) = t

�2

A(1; 1)� t

�4

A(0; 0) + (t

2

� t

�2

+ y)x

2

A(2p+ 1; 0) = t

�2

A(2p; 1)� t

�4

A(2p� 1; 0) + (t

2

� t

�2

+ y)x

2

and the formulas for A(2; 0); A(1; 1); A(2p; 1) and A(2p� 1; 0) we obtain

A(2p+ 1; 0) = A(0; 0) = t

6

+ t

2

� t

2

x

2

:

But this is all that we need for the above indu
tion argument to work up to the


ase i = p+ 1, and the theorem is proved.

4. Two Curves on the Boundary

For proving Theorem 1.1 we need to determine the images in K

t

(M

p

) through

the in
lusion map of the skeins (1; k)

T

from the skein module of the boundary torus.

The parti
ular 
ase of the produ
t-to-sum formula

(0; 1)

T

� (1; k)

T

= t

�1

(1; k + 1)

T

+ t(1; k � 1)

T

be
omes after proje
ting to K

t

(M

p

)

x�((1; k)

T

) = t

�1

�((1; k + 1)

T

) + t�((1; k � 1)

T

);

where again, the multipli
ation on the left-hand side means that after we expand

�((1; k)

T

) in terms of basis elements, the powers of x are raised by 1. Hen
e we

have a re
ursive formula for 
omputing (1; k)

T

.

This shows that it suÆ
es to 
ompute (1; k)

T

and (1; k � 1)

T

for some value of

k. In the following two propositions the reasoning will be done on �gures depi
ting

the (2; 5)-torus knot.

Proposition 4.1. For all p 2 Z,

�((1;�4p� 2)

T

) = 2 + (�1)

p+1

�

t

�2p�3

S

2p+2

(x)� t

�2p+1

S

2p�2

(x)

�

�(tS

p�1

(y) + t

�1

S

p

(y)):
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Figure 4.1.

Proof. The 
urve (1;�4p� 2)

T

is depi
ted with dotted line in Fig. 4.1.

The 
omputation of �((1;�4p� 2)

T

) is simpli�ed by the following observation.

If we remove from M

p

a regular neighborhood of the M�obius band that the knot

bounds, then the resulting 3-manifold N is a solid torus that 
ontains �((1;�4p�

2)

T

) in its interior. So if we express the skein �((1;�4p � 2)

T

) in terms of the

basis of K

t

(M

p

) only powers of y should appear. The 
oeÆ
ients of these powers

are 
omputed as for the solid torus N and the image of the 
urve (2p + 1; 2)

T

in

its boundary. Note that when we turn the torus inside out the meridian and the

longitude are ex
hanged. Using the formula dedu
ed in Se
tion 5 of [4℄, we �nd

that this image, whether 
onsidered in K

t

(M

p

) or K

t

(N), is

(�1)

2

t

�2(2p+1)

�

t

�4

S

2p+1

(y)� t

4

S

2p�1

(y)

�

:

Using Theorem 3.1 for i = p+ 1 and i = p� 1 we dedu
e that this is further equal

to

�S

�2

(y) + (�1)

p+1

S

2p+2

(x)(tS

p�1

(y) + t

�1

S

p

(y))

+S

0

(y)� (�1)

p�1

t

�2p+1

S

2p�2

(x)(tS

p�1

(y) + t

�1

S

p

(y))

= 2 + (�1)

p+1

(t

�2p�3

S

2p+2

(x)� t

�2p+1

S

2p�2

(x))(tS

p�1

(y) + t

�1

S

p

(y)):

and we are done.

For expanding the se
ond boundary 
urve in terms of the basis we will need the

following formula.

Lemma 4.2. For any integer p the following holds

p�1

X

k=1

S

2p�4i�2

= �

S

2p�3

S

1

:

Proof. First, sin
e S

n

= �S

�n�2

,

p�1

X

k=1

S

2p�4i�2

=

p�1

X

k=1

(�1)

k

S

2p�2k�2

:

Re
all that S

n

(2 
osx) = sin(n+ 1)x= sinx and that

n

X

k=1

sin(2k + 1)x = sin(2n+ 2)x=2 
osx:
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We have

p�1

X

k=1

(�1)

k

S

2p�2k�2

(2 
osx) =

p�1

X

k=1

(�1)

k

sin(2p� 2k � 1)x

sinx

= �

sin(2p� 2)x

2 sinx 
osx

= �

sin(2p� 2)x

sin 2x

= �

sin(2p� 2)x

sinx

�

sinx

sin 2x

= �

S

2p�3

(2 
osx)

S

1

(2 
osx)

and the identity follows.

Proposition 4.3. For all p 2 Z,

�((1;�4p� 1)

T

) = tm+ (�1)

p+1

�

t

�2p�2

S

2p+1

(x) � t

�2p+2

S

2p�3

(x)

�

�(tS

p�1

(y) + t

�1

S

p

(y)):

Proof. To make our �gures easier to read we repla
e the drawing of the (2; 2p+1)-

torus knot as des
ribed in Fig. 4.2, and ask the reader to use the imagination and

think of the 3-valent graph as being the torus knot.

Figure 4.2.

As su
h, the dotted 
urve from Fig. 4.3 multiplied by t

�6p

represents the skein

�((1;�4p�1)

T

). The reason for the multipl
ation by a power of t is that, as drawn,

the 
urve has the bla
kboard framing, while the framing of (1;�4p� 1)

T

isparallel

to the boundary torus. Let us write the skein from Fig. 4.3 in terms of the basis of

the module K

t

(M

p

).

Figure 4.3.
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We 
onsider the skeins a

k

and b

k

des
ribed in Fig. 4.4 where a

k

has k self


rossings, k � 2p + 1. Resolving the rightmost 
rossing of a

k

and performing the

twistings we obtain the re
ursive relations

a

2k

= t(�t

3

)

2k�1

b

2p�2k+1

+ t

�1

a

2k�1

a

2k+1

= t(�t

3

)

2k

b

2p�2k+1

+ t

�1

a

2k

:

Also, a

0

= (�t

2

� t

�2

)b

2p+1

. Let us determine b

k

in terms of x and y.

a   = b    =
k k

1 2 . . . 2p+1−k 1 2 k. . .

Figure 4.4.

= (−t   )3

Figure 4.5.

Transform b

k

as in Fig. 4.5, then resolve the 
rossing to obtain the re
ursive

relation

b

k+1

= (�t)

3

(tb

k�1

+ t

�1

b

k�2

y) = �t

2

yb

k

� t

4

b

k�1

:

If we let x

k

= (�t

�2

)

k

b

k

, then x

k+1

= yx

k

�x

k�1

, and x

0

= m, x

1

= t

�2

m. Solving

the se
ond order re
urren
e we obtain x

k

= �t

�2

xS

k�1

(y)� xS

j�2

(y), hen
e

b

k

= (�1)

k+1

t

2k�2

xS

k�1

(y) + (�1)

k+1

t

2k

xS

k�2

(y); for all k � 0:
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Let us 
ompute a

2p+1

by writing the solution for the nonhomogeneous �rst order

re
ursive relation that we dedu
ed for a

k

. We have

a

2p+1

= t

�2p�1

a

0

+ t

p

X

0

t

�2i

(�t

3

)

2p�2i

b

2i+1

+ t

p

X

1

t

�2i+1

(�t

3

)

2p�2i+1

b

2i�1

= t

�2p�1

a

0

+ t

p

X

0

t

�2i

(�t

3

)

2p�2i

b

2i+1

+ t

p�1

X

0

t

�2i�1

(�t

3

)

2p�2i�1

b

2i+1

= t

�2p�1

(�t

2

� t

�2

)b

2p+1

+ t

�2p+1

b

2p+1

+ t

6p+1

p�1

X

0

t

�8i

(1� t

�4

)b

2i+1

= �t

2p�3

b

2p+1

+ t

6p+1

p�1

X

0

t

�8i

(1� t

4

)b

2i+1

:

If we repla
e in this the value we 
omputed for b

k

we obtain

a

2p+1

= �t

�2p�3

�

t

4p

xS

2p

(y) + t

4p+2

xS

2p�1

(y)

�

+t

6p+1

(1� t

�4

)x

p�1

X

0

�

t

�4i

S

2i

(y) + t

�4i+2

S

2i�1

(y)

�

:

Fa
toring out an t

1�2p

and 
hanging the order of summation for the se
ond of the

two sums we obtain that this is further equal to

�t

�2p�3

�

t

4p

xS

2p

(y) + t

4p+2

xS

2p�1

(y)

�

+t

4p+2

(1� t

�4

)x

p�1

X

0

�

t

2p�4i+1

S

2i

(y) + t

�2p+4i+1

S

p+(p�1�2i)

(y)

�

:

Note that p� (p� 1� 2i)� 1 = 2i hen
e we 
an repla
e ea
h square bra
ket using

Theorem 3.1. We also repla
e S

2p

(y) and S

2p�1

(y) to dedu
e that

a

2p+1

= �t

2p�3

x

�

(�1)

p

t

2p+1

S

2p

(x)(tS

p�1

(y) + t

�1

S

p

(y))

�

�t

2p�1

x

�

�t

4p�2

+ (�1)

p�1

t

2p�1

S

2p�2

(x)(tS

p�1

(y) + t

�1

S

p

(y))

�

+t

4p+2

(1� t

�4

)x

p�1

X

i=0

(�1)

p�1�2i

S

2(p�1�2i)

(x)(tS

p�1

(y) + t

�1

S

p

(y)):

Sin
e S

2p

� S

2p�2

= T

2p

we 
on
lude that

a

2p+1

= t

6p+1

x+ (�1)

p+1

"

t

4p�2

xT

2p

(x) + (t

4p+2

� t

4p�2

)x

p�1

X

0

S

2p�4i�2

(x)

#

�(tS

p�1

(y) + t

�1

S

p

(y)):

But �((1;�4p� 1)

T

) = t

�6p

a

2p+1

, so

�((1;�4p� 1)

T

) = tx+ (�1)

p+1

[t

�2p�2

xT

2p

(x)

+(t

�2p+2

� t

�2p�2

)x

p�1

X

1

S

2p�4i�2

(x)℄(tS

p�1

(y) + t

�1

S

p

(y)):
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Applying Lemma 4.2 we get

�((1;�4p� 1)

T

) = tx+ (�1)

p+1

[t

�2p�2

xT

2p

(x)

�(t

�2p+2

� t

�2p�2

)S

2p�3

(x)℄(tS

p�1

(y) + t

�1

S

p

(y));

and the desired formula follows from xT

2p

(x) = T

2p+1

(x) + T

2p�1

(x) = S

2p+1

(x) �

S

2p�3

(x).

Combining the two propositions we obtain

Proposition 4.4. For all k 2 Z one has

�((1; k)

T

) = t

4p+k+2

T

4p+k+2

(x) + (�1)

p+1

(t

2p+k�1

S

�2p�k

(x)

�t

2p+k+3

S

�2p�k�4

(x)) � (tS

p�1

(y) + t

�1

S

p

(y)):

Proof. The parti
ular 
ase of the produ
t-to-sum formula

(1; k + 1)

T

= t(0; 1)

T

� (1; k)

T

� t

2

(1; k � 1)

T

des
ends in the knot 
omplement to the re
ursive relation

�((1; k + 1)

T

) = tx�((1; k)

T

)� t

2

�((1; k � 1)

T

):

Hen
e the values of all �((1; k)

T


an be 
omputed from �((1;�4p � 2)

T

) and

�((1;�4p� 1)

T

). An easy indu
tion proves the proposition.

5. Proof of the Main Result

We start by 
onstru
ting an element in the peripheral ideal of the (2; 2p+1)-torus

knot using the formulas from Se
tion 4.

Lemma 5.1. The element

(1;�2p� 3)

T

� t

�8

(1;�2p+ 1)

T

+ t

2p�5

(0; 2p+ 3)

T

� t

2p�1

(0; 2p� 1)

T

is in the peripheral ideal of the (2; 2p+ 1)-torus knot.

Proof. Applying Proposition 4.4 and using the fa
t that S

�1

= 0 we obtain

�((1;�2p� 3)

T

) = t

2p�1

T

2p�1

(x) + (�1)

p+1

(t

�4

S

3

(x)(tS

p�1

(y) + t

�1

S

p

(y))

and

�((1;�2p+ 1)

T

) = t

2p+3

T

2p+3

(x) + (�1)

p+1

(�t

4

S

�5

(x))(tS

p�1

(y) + t

�1

S

p

(y))

= t

2p+3

T

2p+3

(x) + (�1)

p+1

t

4

S

3

(x)(tS

p�1

(y) + t

�1

S

p

(y)):

Multiplying the se
ond equality by t

�8

and subtra
ting it from the �rst we obtain

(1;�2p� 3)

T

� t

�8

(1;�2p+ 1)

T

= t

2p�1

T

2p�1

(x) � t

2p�5

T

2p+3

(x):

But T

n

(x) = �((0; n)

T

) for all n. Hen
e the image through � of

(1;�2p� 3)

T

� t

�8

(1;�2p+ 1)

T

+ t

2p�5

(0; 2p+ 3)

T

� t

2p�1

(0; 2p� 1)

T

is zero. This shows that this element is in the kernel of �, that is in the peripheral

ideal.
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Proposition 5.2. The polynomial

(l � t

�4

lm

4

+ t

4p�2

� t

4p+10

m

4

)(l � t

4p+2

m

4p+2

)

is in the non
ommutative A-ideal of the (2; 2p+ 1)-torus knot.

Proof. Through the in
lusion

K

t

(T

2

� I) ,! C

t

[l; l

�1

;m;m

�1

℄

an element (a; b)

T

transforms into t

�ab

(l

a

m

b

+ l

�a

m

�b

). Applying this to the

element provided by Lemma 5.1 we dedu
e that the extension of the peripheral

ideal I

t

(K) to C

t

[l; l

�1

;m;m

�1

℄ 
ontains the element

t

2p+3

lm

�2p�3

+ t

2p+3

l

�1

m

2p+3

� t

2p�9

lm

�2p+1

� t

2p�9

l

�1

m

2p�1

+t

2p�5

m

2p+3

+ t

2p�5

m

�2p�3

� t

2p�1

m

2p�1

� t

2p�1

m

�2p+1

:

Now 
ontra
t the extension I

t

(K) to C

t

[l;m℄. The above element gives rise through

multipli
ation to the left by lm

2p+3

to a polynomial in the non
ommutative A-ideal.

This polynomial is

t

�2p�3

l

2

+ t

6p+9

m

4p+6

� t

�2p�14

l

2

m

4

� t

6p�3

m

4p+2

+ t

2p�5

lm

4p+6

+t

2p�5

l � t

2p�1

lm

4p+2

� t

2p�1

lm

4

:

After multiplying by t

2p+3

and fa
toring this be
omes the polynomial from the

statement.

Let us pro
eed with the proof of Theorem 1.1. To this end we rephrase slightly

Theorem 2 in [7℄:

Let K be a knot whose A-ideal A

t

(K) 
ontains a polynomial

P

p;q




p;q

l

p

m

q

of de-

gree 2 in l su
h that there exists no n � 0 for whi
h the expression

P

q




2;q

(�1)

q

t

(2n+2)q

is identi
ally equal to zero. Assume in addition that this polynomial arises from a

skein in the peripheral ideal of the knot. Then for any knot K

0

with the property

that A

t

(K) = A

t

(K

0

), one has �

n

(K) = �

n

(K

0

) for all n � 1.

Here the assumption that the polynomial 
omes from a skein in the peripheral

ideal yields to a simpler version of the relation among the 
oeÆ
ients of the polyno-

mial to be 
he
ked than the one given in [7℄, and the same proof works. Re
all also

that we denoted by �

n

(K) the nth 
olored Kau�man bra
ket of K, whi
h is (up to

a 
hange of variable) the same as the nth 
olored Jones polynomial as de�ned in

[11℄.

Expand the polynomial from Proposition 5.2 to get

l

2

+ t

8p+12

m

4p+6

� t

�12

l

2

m

4

� t

8p

m

4p+2

+ t

4p�2

lm

4p+6

+t

4p�2

l � t

4p+2

lm

4p+2

� t

4p+2

lm

4

:

The only 
oeÆ
ients 


2;q

that are not zero are 


2;0

= 1 and 


2;4

= �t

�12

. The

expression

1� t

�12

t

4(2n+2)
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is identi
ally zero if and only if 8n� 4 = 0 for some n. This has to be so sin
e t is

the variable of a polynomial. The equality 
annot hold, whi
h proves Theorem 1.1.

Through the pro
edure des
ribed in [7℄ we 
an �nd the following re
ursive rela-

tion for the 
olored Kau�man bra
kets of the (2; 2p+ 1)-torus knot

(�t

�4np�6n�6p�9

+ t

�4np+2n�6p�5

)�

n+1

(K)

+(�t

4np+6n+6p+1

� t

�4np�6n�2p�11

+ t

4np�2n+6p�3

+ t

�4np+2n�2p+1

)�

n

(K)

+(t

�4np�6n+2p+3

� t

4np+6n+2p+3

� t

�4np+2p+2n�9

+ t

4np�2n+2p�9

)�

n�1

(K)

+(t

4np+6n�2p�11

+ t

�4np�6n+6p+1

� t

4np�2n�2p+1

� t

�4np+2n+6p�3

)�

n�2

(K)

+(t

4np+6n�6p�9

� t

4np�2n�6p�5

)�

n�3

(K) = 0:

Re
all that �

�3

(K) = ��

1

(K), �

�2

(K) = �1, �

�1

(K) = 0, �

0

(K) = 1, so this

re
urren
e allows us indeed to 
ompute all 
olored Kau�man bra
kets.

Referen
es

[1℄ D. Bullo
k, Rings of Sl

2

(C )-
hara
ters and the Kau�man bra
ket skein module,

Comment. Math. Helv. 72 (1997), no. 4, 521{542 q-alg/9604014.

[2℄ D. Bullo
k, The (2;1)-skein module of the 
omplement of a (2; 2p+1) torus knot,

J. Knot Theory Rami�
ations 4(1995), no. 4, 619{632.

[3℄ D. Cooper, M. Culler, H. Gillett, D.D. Long, P.B. Shalen, Plane Curves asso
iated

to 
hara
ter varieties of 3-manifolds, Inventiones Math. 118, pp. 47-84 (1994).

[4℄ Ch. Frohman, R. Gel
a, Skein modules and the non
ommutative torus, Transa
tions

Amer. Math. So
., 352(2000), 4877-4888.

[5℄ Ch. Frohman, R. Gel
a, W. Lofaro, The A-polynomial from the non
ommutative

viewpoint, Transa
tions Amer. Math. So
., 354(2001), 735-747.

[6℄ R. Gel
a, Non
ommutative trigonometry and the A-polynomial of the trefoil knot,

Math. Pro
. Cambridge Phil. So
., to appear.

[7℄ R. Gel
a, On the relation between the A-polynomial and the Jones polynomial,

Pro
eedings Amer. Math. So
., 130(2001), 1235-1241.

[8℄ L. Kau�man, State models and the Jones polynomial, Topology 26 no. 3 (1987)

395{401.

[9℄ J. H. Przyty
ki, Skein modules of 3-manifolds, Bull. Pol. A
ad. S
i. 39(1-2) (1991)

91{100.

[10℄ J. H. Przyty
ki and A. Sikora, Skein algebra of a group, Bana
h Center Publ. 42.

[11℄ N. Yu. Reshetikhin, V. G. Turaev, Invariants of 3-manifolds via link polynomials

and quantum groups, Inventiones Math., 103(1991), 547{597.

[12℄ V.G. Turaev, Algebras of loops on surfa
es, algebras of knots, and quantization,

Adv. Ser. in Math. Physi
s 9 (1989), ed. C. N. Yang, M. L. Ge, 59{95.


