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Abstra
t. This paper shows that the non
ommutative generalization of the

A-polynomial of the knot, de�ned using Kau�man bra
ket skein modules, to-

gether with �nitely many 
olored Jones polynomials, determines the remain-

ing 
olored Jones polynomials of the knot. It also shows that under 
ertain


onditions, satis�ed for example by the unknot and the trefoil knot, the non-


ommutative generalization of the A-polynomial determines all 
olored Jones

polynomials of the knot.

1. Introdu
tion

In 1984, V. Jones introdu
ed a polynomial invariant of knots [8℄ through skein

relations. Another version of this invariant, the Kau�man bra
ket [9℄, was intro-

du
ed shortly after. Colored versions of these invariants were de�ned, via quantum

groups [12℄, and via Jones-Wenzl idempotents [10℄, [1℄.

In 1993, Cooper, Culler, Gillet, Long, and Shalen de�ned a two variable polyno-

mial invariant of knots, the A-polynomial, using the 
hara
ter variety of SL(2; C )-

representations of the fundamental group of the knot 
omplement. This invariant

was generalized in [5℄ to a �nitely generated ideal of polynomials in the quantum

plane, the A-ideal. This is done in the 
ontext of skein modules, and is based on

the fa
t that the Kau�man bra
ket skein modules represent deformations of fun
-

tion rings on 
hara
ter varieties [2℄, [11℄, and on the relationship between the skein

algebra of the 
ylinder over a torus and the non
ommutative torus [4℄. The non-


ommutative A-ideal depends on a deformation parameter t, spe
ializing t = �1

one re
overs the 
lassi
al A-polynomial as the generator of the radi
al of the one

dimensional part of this ideal.

As shown in [5℄, ea
h element in the non
ommutative A-ideal de�nes a matrix

that annihilates the ve
tor whose entries are the 
olored Jones polynomials of the

knot (or, more pre
isely, the 
olored Kau�man bra
kets of the knot; they di�er from

the 
olored Jones polynomials by the 
hange of variable t 7! it). The orthogonality

between the rows of the matrix and the ve
tor whose entries are the 
olored Jones

polynomials of the knot has been 
alled the \orthogonality relation (between the

Jones polynomial and the A-polynomial)".

The present paper shows that the non
ommutative A-ideal together with a �nite

number (depending on the A-ideal of the knot) of 
olored Kau�man bra
kets of the
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knot determine all other 
olored Kau�man bra
kets of the knot. We also prove

that under 
ertain te
hni
al 
onditions on the A-ideal, the non
ommutative A-

ideal determines all 
olored Kau�man bra
kets of the knot. For example, any knot

having the same A-ideal as the unknot, respe
tively trefoil knot, has the same


olored Kau�man bra
kets as the unknot, respe
tively the trefoil knot.

A long standing question regarding the Jones polynomial is how it relates to

the SU(2)-representations of the fundamental group of the knot 
omplement. The

A-polynomial was de�ned using the variety of SL(2)-representations of the fun-

damental group, and the non
ommutative A-ideal was introdu
ed as a non
om-

mutative generalization of this polynomial. By showing that the non
ommutative

A-ideal virtually determines the Jones polynomial and its 
olored versions, the pa-

per intends to shed some light over the relationship between this polynomial and

the representations of the fundamental group.

2. The a
tion of K

t

(T

2

� I) on K

t

(D

2

� I)

The Kau�man bra
ket skein module of the three manifold M is de�ned in the

following way. Let C [t; t

�1

℄L be the C [t; t

�1

℄-module freely spanned by the isotopy


lasses of framed links in M in
luding the empty link, and let S be the submodule

spanned by the relations � t � t

�1

and 
+ t

2

+ t

�2

. The Kau�man

bra
ket skein module of M is K

t

(M) = C [t℄=S.

In the 
ase where M is the 
ylinder over a surfa
e, K

t

(M) has a natural algebra

stru
ture, with produ
t de�ned by pla
ing one link on top of another. If M is a

manifold with boundary, the operation of gluing a 
ylinder to the boundary indu
es

a K

t

(�M � I)-module stru
ture on K

t

(M). As an example it is known that the

Kau�man bra
ket skein algebra of the 
ylinder over an annulus (i.e., that of the

solid torus), is C [t; t

�1

; �℄, where � is the 
urve that runs on
e around the annulus

and has framing parallel to the annulus.

Another, more 
ompli
ated example is that of the Kau�man bra
ket skein al-

gebra of K

t

(T

2

� I). Its multipli
ation rule and a
tion on the skein module of

the solid torus are des
ribed by means of two families of Chebyshev polynomials,

fT

n

g

n2Z

de�ned by T

0

= 2; T

1

= x; T

n+1

= xT

n

� T

n�1

for n 2 Z and fS

n

g

n2Z

de�ned by S

0

= 1; S

1

= x; S

n+1

= xS

n

� S

n�1

for n 2 Z. The two polynomials

are de�ned by the same re
urren
e relation, but the initial 
onditions are di�er-

ent. Note that T

�n

= T

n

and S

�n

= �S

n�2

, for all n 2 Z. Let p and q be two

integers with p = np

0

, q = nq

0

, p

0

, q

0


oprime. We de�ne (p; q)

T

= T

n

((p

0

; q

0

)),

where (p

0

; q

0

) is the 
orresponding 
urve on the torus, with framing parallel to the

torus, and its powers are de�ned by taking parallel 
opies. The elements (p; q)

T

,

p � 0; q 2 Z span K

t

(M) as a C [t; t

�1

℄-module. In [4℄ it was proved the following

produ
t-to-sum formula

(p; q)

T

� (r; s)

T

= t

j

pq

rs

j

(p+ r; q + s)

T

+ t

�j

pq

rs

j

(p� r; q � s)

T

:

As a 
onsequen
e of this formula, the Kau�man bra
ket skein algebra of the


ylinder over a torus is isomorphi
 to the subalgebra of the non
ommutative torus

generated by non
ommutative 
osines. Let us re
all that the algebra of trigono-

metri
 polynomials in the non
ommutative torus is C

t

[l; l

�1

;m;m

�1

℄, with mul-

tipli
ation �, satisfying l � m = t

2

m � l. The elements e

p;q

= t

�pq

l

p

m

q

are the

non
ommutative exponentials; they satisfy

e

p;q

� e

r;s

= t

j

pq

rs

j

e

p+r;q+s

:
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The non
ommutative 
osines are

1

2

(e

p;q

+e

�p;�q

). The map (p; q)

T

! e

p;q

+e

�p;�q

gives the isomorphism between K

t

(T

2

� I) and the algebra of non
ommutative


osines.

Let K be a knot in S

3

, and let M be the 
omplement of a regular neighborhood

of K. Consider the left a
tion of K

t

(T

2

� I) on K

t

(M) de�ned by gluing the


ylinder over the torus to the boundary ofM su
h that the 
urve (1; 0) is identi�ed

with the longitude of the knot and the 
urve (0; 1) is identi�ed with the meridian.

The peripheral ideal of K, denoted by I

t

(K), is the left ideal of K

t

(T

2

� I) whi
h

annihilates the empty skein in the knot 
omplement. The non
ommutative A-

ideal of K, denoted by A

t

(K) is the left ideal obtained by extending I

t

(K) to

C

t

[l; l

�1

;m;m

�1

℄ then 
ontra
ting it to C

t

[l;m℄. As explained in [5℄, the A-ideal is a

non
ommutative generalization of the A-polynomial. The A-polynomial is obtained

by setting t = �1, repla
ing l and m by �l and �m and taking the generator of

the radi
al of the one-dimensional part of the A-ideal (divided by (l � 1)). The

operation of extending and restri
ting ideals from K

t

(T

2

� I) to obtain ideals in

C

t

[l;m℄ is a one-to-one 
orresponden
e [5℄. Why then work with A-ideal and not

with the peripheral ideal? The reason is that ideals of polynomials, even in the

non
ommutative setting, are easier to understand and to work with, and there

exists a large amount of 
omputer software for them.

There is a left and a right a
tion ofK

t

(T

2

�I) onK

t

(D

2

�S

1

), one for the positive,

the other for the negative orientation of the boundary torus. To understand them,

let us denote by x

p;q

the image in K

t

(D

2

� S

1

) of (p; q)

T

on the boundary torus

(with the positive orientation). It is not hard to see that x

0;q

= (�t

2

)

q

+ (�t

�2

)

q

and the produ
t-to-sum formula yields

x

p+1;q

= t

�q

(1; 0) � x

p;q

� t

�2q

x

p�1;q

:

The se
ond order re
ursive relation for t

pq

x

p;q

has �xed 
oeÆ
ients, and hen
e a

formula for the general term 
an be found. It is

x

p;q

= t

�pq

((�t

�2

)

q

S

p

(�)� (�t

2

)

q

S

p�2

(�)):

Lifting the skeins T

n

(�) to the elements (n; 0)

T

in the boundary torus and using

the produ
t-to-sum formula we get the following

Lemma 1. The left a
tion is des
ribed by

(p; q)

T

� T

n

(�) = t

�(2n+p)q

[(�t

�2

)

q

S

n+p

(�)� (�t

2

)

q

S

n+p�2

(�)℄

+t

(2n�p)q

[(�t

�2

)

q

S

p�n

(�) � (�t

2

)

q

S

p�n�2

(�)℄

while the right a
tion is given by

T

n

(�) � (p; q)

T

= (p;�q)

T

� T

n

(�)

= t

(2n+p)q

[(�t

2

)

q

S

p+n

(�)� (�t

�2

)

q

S

p+n�2

(�)℄

+t

�(2n�p)q

[(�t

2

)

q

S

p�n

(�)� (�t

�2

)

q

S

p�n�2

(�)℄:

3. The results

Gluing a solid torus to the 
omplement M of a regular neighborhood of a knot

K, in su
h a way that the longitude is glued to the longitude and the meridian to

the meridian, indu
es a pairing

K

t

(D � S

1

)�K

t

(M)! C [t; t

�1

℄:
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The basis fS

n

(�)g

n

indu
es a family of fun
tionals < S

n

(�); � >, n = 0; 1; 2; : : :. If

we denote by ; the empty link, then

< S

n

(�); ; >= �

n

(K);

where �

n

(K) is the nth 
olored Kau�man bra
ket of K with zero framing [10℄, [13℄

(the nth 
olored Kau�man bra
ket is a \twisted" version of the nth 
olored Jones

polynomial as de�ned in [12℄, obtained from the 
olored Jones polynomials by the


hange of variable t 7! it). Indeed, the re
ursive relation for S

n

shows that the link

in S

3

obtained from the pairing is K 
olored by the Jones-Wenzl idempotent.

The pairing is 
ompatible with the a
tions of K

t

(T

2

� I) on both modules, i.e.

< u � (p; q)

T

; v >=< u; (p; q)

T

� v > for any skeins u and v. In parti
ular, if a is

in the peripheral ideal I

t

(K) of K, then < u � a; ; >= 0. So, if u = T

n

(�), and

a =

P

i




i

(p

i

; q

i

)

T

, then by Lemma 1,

< a � T

n

(�); ; >=

X

i




i

(t

p

i

q

i

(t

(2n+p

i

)q

i

[(�t

2

)

q

i

< S

p

i

+n

(�); ; >

�(�t

�2

)

q

i

< S

p

i

+n�2

(�); ; >℄

+t

�(2n�p

i

)q

i

[(�t

2

)

q

i

< S

p

i

�n

(�); ; > �(�t

�2

)

q

i

< S

p

i

�n�2

(�); ; >℄)

=

X

i




i

(t

(2n+p

i

)q

i

[(�t

2

)

q

i

�

p

i

+n

(K)� (�t

�2

)

q

i

�

p

i

+n�2

(K)℄

+t

�(2n�p

i

)q

i

[(�t

2

)

q

i

�

p

i

�n

(K)� (�t

�2

)

q

i

�

p

i

�n�2

(K)℄) = 0:

This relation was 
alled the orthogonality relation in [5℄ sin
e it expresses the or-

thogonality between the ve
tor with entries equal to the 
olored Kau�man bra
kets

of the knot and the rows of the matrix of the linear transformation indu
ed by a

from the module K

t

(D � I) with basis fT

n

(�)g

n

to the same module with basis

fS

n

(�)g

n

. Sin
e a arises from an element in the non
ommutative A-ideal (through

an extension and a 
ontra
tion), orthogonality expresses a relationship between the

the elements of the A-ideal and the ve
tor whose entries are the 
olored Kau�man

bra
kets.

Theorem 1. Let K be a knot and  a nonzero element in its peripheral ideal. Then

there exists a number � depending only on  su
h that  together with the �rst �


olored Kau�man bra
kets of the knot determine all the other 
olored Kau�man

bra
kets of the knot.

Proof. We will show that  produ
es a re
ursive relation for the 
olored Kau�man

bra
kets of the knot, whose dominant 
oeÆ
ient is nonzero for large indi
es. Let

 =

P

j




j

(p

j

; q

j

)

T

be the element in I

t

(K), let p be the maximum of p

j

and

assume p

j

= p if j = 1; 2; � � � ;m, p

j

6= p if j > m. Then, 
oeÆ
ient of �

n+p

in the

orthogonality relation written for  is

m

X

j=1




j

(�1)

q

j

t

(2n+2+p)q

j

Sin
e the q

j

appearing in this expression are distin
t (the p

i

's being the same), this

expression is identi
ally equal to zero only for �nitely many n. Consequently the

orthogonality relation provides a re
ursive relation that determines uniquely �

n

for

large n. �
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Corollary 1. For every knot K there is a number �(K) su
h that if K

0

is a

knot with A

t

(K) = A

t

(K

0

) and �

j

(K) = �

j

(K

0

) for j = 1; 2; � � � ; �(K), then

�

j

(K) = �

j

(K

0

) for all j. Moreover, �(K) depends only on the non
ommutative

A-ideal of K.

Proof. In view of the previous theorem, the only thing we have to show is that

the non
ommutative ideal, or equivalently the peripheral ideal, is never zero. This

is done as follows. Consider the map between skein modules � : K

t

(T

2

� I) !

K

t

(S

3

nN(K)) indu
ed by the in
lusion of the 
ylinder into the knot 
omplement

(here N(K) is a regular neighborhood of the knot). Then, as a submodule, I

t

(K)

is the kernel of this map. If I

t

(K) = (0) then � is an isomorphism onto the image.

On the other hand, if we add a 2-handle to the knot 
omplement along the

meridian of the knot then the skein module of the knot 
omplement, and hen
e

the image of � be
omes the one dimensional free module (i.e. the stru
ture ring

C [t; t

�1

℄). If we add a 2-handle to the 
ylinder over the torus along the meridian,

the skein module be
omes C [t; t

�1

; �℄, where � is the 
urve whi
h is the image of the

longitude, whi
h is an in�nite dimensional free module. But Hoste and Przyty
ki [7℄

have shown that adding a 2-handle indu
es a set of algebrai
 relations at the level of

the skein module, in parti
ular the same relations are introdu
ed in K

t

(T

2

� I) and

in its image through �. Sin
e adding these relations produ
es di�erent modules, �

is not an isomorphism, so it has a kernel. �

As the reader probably guessed, the working 
onje
ture behind all this work is

that the non
ommutative A-ideal always determines the 
olored Kau�man bra
k-

ets of the knot. The result below shows that this happens to be true in 
ertain

situations.

Theorem 2. Assume that K is a knot with the property that A

t

(K) 
ontains a

polynomial

P

p;q




p;q

l

p

m

q

of degree 2 in l su
h that there exists no n � 0 for whi
h

the expression

P

q

(


2;q

+


0;q

)(�1)

q

t

(2n+2)q

is identi
ally equal to zero. Then for any

knot K

0

with the property that A

t

(K) = A

t

(K

0

), it follows that �

n

(K) = �

n

(K

0

)

for all n = 1; 2; 3; : : :.

Proof. Let �(l;m) be our polynomial. Denote by I the extension of A

t

(K) to

C

t

[l; l

�1

;m;m

�1

℄. Then � 2 I and sin
e I is the extension of an ideal inK

t

(T

2

�I),

it follows that �(l

1

;m

�1

) is also an ideal in I. But then the polynomial l

�1

�(l;m)+

l�(l

�1

;m

�1

) is symmetri
 in l and m hen
e by Lemma 1 in [5℄ is in I

t

(K).

Let a =

P

i




i

(1; q

i

)

T

+u be this element in I

t

(K), with 


i

= t

q

i

(


2;q

i

+


0;q

i

) and

u a polynomial in (0; 1). By Lemma 1, T

n

(�) �u is of the form �S

n

(�) +�S

n�2

(�),

�; � 2 C [t; t

�1

℄. On the other hand, the same lemma shows that

T

n

(�) �

X

i




i

(1; q

i

)

T

=

X

i




i

[(�t)

(2n+3)q

i

S

n+1

(�)

�(�t)

(2n�1)q

i

S

n�1

(�) + (�t)

(�2n+3)

S

1�n

(�)� (�t)

(�2n�1)q

i

S

�n�1

(�)℄:

Sin
e S

�k

= �S

k�2

for all k, this is further equal to

X

i




i

[(�t)

(2n+3)q

i

S

n+1

(�) � [(�t)

(2n�1)q

i

+ (�t)

(�2n�1)q

i

℄S

n�1

(�)

+(�t)

(�2n+3)q

i

S

n�3

(�)℄:
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Hen
e the orthogonality relation applied to a yields a C [t; t

�1

℄-linear equation in

�

n+1

(K); �

n

(K); �

n�1

(K); �

n�2

(K), and �

n�3

(K). For n � 1, the 
oeÆ
ient of

�

n+1

(K) is

P

i




i

(�t)

(2n+3)q

i

, and the 
ondition from the statement translates to

the fa
t that for no n this is identi
ally equal to zero.

On the other hand, for n = 0, sin
e �

0

(K) = 1, �

�1

(K) = 0, �

�2

(K) = �1,

�

�3

(K) = ��

1

(K), the orthogonality relation gives a linear equation in �

1

(K).

The 
oeÆ
ient of �

1

(K) is 2

P

i




i

(�t)

3q

i

. Again this is not equal to zero. So the

equation 
an be solved uniquely for �

1

(K).

Using �

1

(K), �

0

(K) = 1, �

�1

(K) = 0, and �

�2

(K) = 1 as the initial 
ondition,

the orthogonality relation provides a re
ursion that uniquely determines �

n

(K)

from �

1

(K). It follows that the A-ideal determines the 
olored Kau�man bra
kets

of the knot, and we are done. �

Observe that the degree in l of any polynomial in A

t

(K) is at least 2.

4. Examples

The unknot. The A-ideal of the unknot is generated by (l + t

2

)(l + t

�2

) and

lm

2

(l + t

2

) + t

2

(l + t

�2

) [5℄; hen
e it satis�es the 
onditions in Theorem 2. The

orthogonality relation for (l + t

2

)(l + t

�2

), that is, for (1; 0)

T

+ t

2

+ t

�2

2 I

t

(K),

gives

�

0

(K) = 1; �

1

(K) = �t

2

� t

�2

;

�

n+1

(K) + (t

2

+ t

�2

)�

n

(K)� 2�

n�1

(K)� (t

2

+ t

�2

)�

n�2

(K)� �

n�3

(K); n � 1:

Thus in this 
ase the orthogonality relation is a re
urren
e for Chebyshev polyno-

mials with variable repla
ed by �t

2

� t

�2

. We obtain

�

n

(K) = (�1)

n

[n+ 1℄ = (�1)

n

(t

2n+2

� t

�2n�2

)=(t

2

� t

�2

):

The orthogonality relation for the other element leads to a di�erent re
ursive rela-

tion with the same general term formula.

The trefoil. The A-ideal of the left-handed trefoil is generated by [m

4

(l + t

10

) �

t

�4

(l+ t

2

)℄(l� t

6

m

6

), (l+ t

24

)(l+ t

10

)(l+ t

2

)(l� t

6

m

6

) and (m

2

� t

�22

)(l+ t

10

)(l+

t

2

)(l � t

6

m

6

) [6℄. A qui
k look at the element [m

4

(l + t

10

)� t

�4

(l + t

2

)℄(lm

6

� t

6

)

shows that the 
onditions in the statement of Theorem 2 are ful�lled. This element


orresponds to

(1;�5)

T

� t

�8

(1;�1)

T

+ t

3

(0; 5)

T

� t(0; 1)

T

in the peripheral ideal. The orthogonality relation produ
es the following re
ursion

(�t

�10n�15

+ t

�2n�11

)�

n+1

(K) + (�t

10n+7

� t

�10n�13

+ t

2n+3

+t

�2n�1

)�

n

(K) + (t

�10n+5

� t

10n+5

� t

�2n�7

+ t

2n�7

)�

n�1

(K) + (t

10n�13

+t

�10n+7

� t

2n�1

� t

�2n+3

)�

n�2

(K) + (t

10n�15

� t

2n�11

)�

n�3

(K) = 0:

In parti
ular, for n = 0,

(t

�11

� t

�15

)�

1

(K)� t

7

� t

�13

+ t

3

+ t

�1

= 0;

and hen
e �

1

(K) = t

18

� t

10

� t

6

� t

2

, the well known formula for the Kau�man

bra
ket of the trefoil knot with framing zero.
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